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Abstract. In this article, we present the best possible upper and lower bounds for the 
Neuman-Sandor mean in terms of the geometric combinations of harmonic and quadratic 
means, geometric and quadratic means, harmonic and contra-harmonic means, and geomet- 
ric and contra-harmonic means. 

■ V !• Introduction 

For a, b > with a ^ b the Neuman-Sandor mean M(a, b) [JJ is defined by 

<N; (l.i) M(a,b) = r— =— 

>. 2sinh- 1 (^ 

o , ' 

where sinh _1 (a;) = log(a; + Vx 2 + 1) is the inverse hyperbolic sine function. 

Recently, the Neuman-Sandor mean has been the subject of intensive research. In particu- 
lar, many remarkable inequalities for the Neuman-Sandor mean M(a, b) can be found in the 
literature [TJ [2] - 

Let H(a,b) = 2ab/(a + b), G(a,b) = Vab, L(a,b) = (b - a) /(log 6 - logo), P(a,b) = 
(a - 6)/(4arctan v /a7&- tt), A(a,b) = (a + b)/2, T(a,b) = (a - b)/[2 arctan((a - b)/(a + &))], 



(N 



Q(a,b) = \J (a 2 + b 2 )/2 and C(a, b) = (a 2 + b 2 )/ (a+b) be the harmonic, geometric, logarithmic, 
first Seiffert, arithmetic, second Seiffert, quadratic and contra-harmonic means of a and b, 
respectively. Then it is well-known that the inequalities 

H(a, b) < G(a, b) < L{a, b) < P{a, b) < A(a, b) < M(o, b) < T{a, b) < Q(o, b) < C(a, b) 

hold true for a, b > with a ^ b. 
J> | Neuman and Sandor [TJ [2] established that 

A(a,b) < M(a,b) < T(a,b), 

P(a,b)M(a,b) < A 2 (a,b), 

A{a, b)T(a, b) < M 2 (a, b) < [A 2 (a, b) + T 2 (a, b)]/2 

hold for all a, b > with a ^ b. 

Let < a, b < 1/2 with a / t, a' = 1 - n and b' = 1 - b. Then the following Ky Fan 
inequalities 

G{a,b) L(a,b) P{a,b) A{a,b) M(a,b) T{a,b) 
X: G(a',b>) < L{a',V) < P(a',b') K A(a' ,V) < M(a',b') < T(a\b') 

were presented in [T]. 

Li et al. [3] showed that the double inequality L po (a,b) < M(a,b) < L 2 (a, b) holds for all 
a,b > with a ^ b, where L p (a,b) = [(bP +1 - a P +1 )/((p + l)(b - a))] 1/p (p ^ -1,0), L = 
l/e(b b /a a ) 1 /( b ~ aS> and £-i(a, 6) = (6 — a)/(log& — log a) be the p— th generalized logarithmic 
mean of a and 6, and po — 1.843 • • • is the unique solution of the equation (p + V) 1 ^ = 
21og(l + v/2). 

In 0], Neuman proved that the double inequalities 

Q a (a,b)A 1 - a (a,b) < M(a,b) < Q 13 (a,&)A 1 -' 3 (a,b) 

and 

C* A (a, 6)A 1 - A (a, b) < M(a, b) < C»{a, 6)A 1 ~' 1 (a, b) 
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hold for all a, b > with a ^ b if and only if a < 1/3, ft > 2 (log(2 + V2~) - log 3) / log 2 = 
0.373- ■■, A< 1/6 and^> (log(2 + ^2) - log 3) / log2 = 0.186 • • • . 

The main purpose of this paper is to find the least values a>i, 02, ay, and the greatest 
values /Si, /?2, ^3, /?4 such that the double inequalities 

H ai (a,b)Q 1 - ai (a,b) < M(a,b) < H pl {a,b)Q 1 - 01 (a,b), 
G a2 (a,b)Q 1 -°' 2 (a,b) < M(a,b) < G h (a, b)Q 1 -^ (a, 6), 
i/ Q3 (a,6)C 1 " a3 (a,fe) < M(a,6) < i3^ 3 (a, &)C 1_Al (a, 6) 

and 

G Q4 (a,6)C 1 ~ Q4 (a,6) < M(a,6) < G^(o,6)C 1_fl *(o,6) 
hold for all a, 6 > with a ^ b. 

2. Lemmas 

In order to establish our main results we need four lemmas, which we present in this section. 

Lemma 2.1. (See [5 ], Theorem 1.25). For —00 < a < b < 00, let f,g : [a,b] — > R be 
continuous on [a,b], and be differ entiable on (a,b), let g'{x) ^ on (a,b). If f'(x)/g'(x) is 
increasing (decreasing) on (a,b), then so are 

m - M and 

g(x)-g(a) g(x)-g(b)' 
If f'(x)/g'(x) is strictly monotone, then the monotonicity in the conclusion is also strict. 

00 

Lemma 2.2. (See [B], Lemma 1.1). Suppose that the power series f(x) = E a n x n and 

n=0 

00 

9( x ) = E b n x n have the radius of convergence r > and b n > for all n 6 {0, 1, 2, • • • }. Let 

71=0 

h(x) = f(x)/g(x), then 

(1) If the sequence {an/^n},^Lo * s (strictly) increasing (decreasing) , then h(x) is also (strictly) 
increasing (decreasing) on (0,r); 

(2) If the sequence {a n /b n } is (strictly) increasing (decreasing) for <n< tiq and (strictly) 
decreasing (increasing) for n > hq, then there exists xq € (0,r) such that h{x) is (strictly) 
increasing (decreasing) on (0,iro) and (strictly) decreasing (increasing) on (xo,r). 

Lemma 2.3. Let 

= [3-cosh(2t)][sinh(2t)-2t] 
[ '' U 2isinh 2 (f)[5 + cosh(2t)] ' 

then <p(t) is strictly decreasing in (0,log(l + \/2)), where sinh(t) = (e* — e~*)/2 and cosh(t) = 
(e + e~ )/2 are respectively the hyperbolic sine and cosine functions. 

Proof. Let us denote by 4>i(t) and 4>2{t) respectively the numerator and denominator of (2.1) 
expand the factor to obtain 

(2.2) 0i (t) = 3 sinh(2i) - 6t + 2t cosh(2t) - i sinh(4i) , 

(2.3) 4> 2 {t) = - [8cosh(2i) + cosh(4<) - 9] . 

Using the power series sinh(t) = Er^Lo t 2n+1 /(2n + 1)! and cosh(i) = J2n°=o t 2n /(2n)l, we 
can express (|2.2[) and (|2.3p as follows 

00 92n+lf9„ , a 2n \ °° r > 2n + A (n -I- o2n+l<i 

(2.4) Mt) = T - — 7 } t 2n+1 = t 3 Y - — ( , — ] -t 2n , 

{ ' U t[ (2n+l)! £j (2n + 3)! 

(2 - 5) *»(*) = 2. (2^)! * =* X, (2n + 2)! * • 

n=l v ' n=0 v ; 

It follows from and (E3J) that 

OO 

E a «t 2 " 

(2-6) 0(t) = ^ 

E ^t 2 " 

n=0 
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with a n = 2 2 " +4 (n + 3- 2 2 " +1 )/(2n + 3)! and b n = 2 2 " +4 (l + 2 2 "- 4 )/(2n + 2)!. 
Let c n = a n /b n , then simple computations lead to 

_ (n + 3) - 2 2 " +1 
C " ~ (2n + 3)(l + 2 2 "- 1 )' 

,o ^ 2 4 3 122 

2.7 Cn = — > Ci = > Co = — < c-i = , 

\ ) 9 15 7 297' 

2 4 ™+ 3 - (6n 2 + 57n + 76)2 2 ™- 1 - 3 

Cn+l — r 



' (2n + 3)(2ra + 5)(1 + 2 2 "- 1 )(l + 2 2 "+ 4 ) 
_ [2(4" - 38) + 6(4" - n 2 ) + (128 x 4"~ 2 - 57n)]2 2 "- 1 - 3 
( ' ~ (2n + 3)(2n + 5)(1 + 2 2 "-!)(l + 2 2 "+ 4 ) > 

for all n > 2. 

Inequalities (|2.7p and (|2.8p implies that the sequence {a n /b n } is strictly decreasing in < 
n < 2 and strictly increasing for n > 2, then from (|2.6I) and Lemma 2.2(2) we know that there 
exists to > such that <j>(t) is strictly decreasing on (0,in) and strictly increasing in (to, oo). 

For convenience, let us denote i* = log(l + y/2) = 0.881 ■ • • , then we have 

(2.9) sinh(t*) = 1, sinh(2t*) = 2y/2, sinh(3t*) = 7, 

(2.10) cosh(i*) = V2, cosh(2r) = 3, cosh(3t*) = 5^2. 
Differentiating (|2.1j) yields 

(2-11) 0(0 = --27- . 

where 

(2.12) = 8sinh(i)[icosh(i) - 2 sinh 3 (*)], 

(2.13) 2 (t) = sinh(i)[20t cosh(t) + 4* cosh(3i) + 9sinh(f) + sinh(3i)]. 
From (22) and together with (|2T9 ]) - ([2TT5) we get 

(2.14, ,(«-,_ _^ <0 . 

It follows from the piecewise monotonicity of <p(i) and (|2.14[) that to > t*. This completes 
the proof of Lemma 2.3. □ 



Lemma 2.4. Let p E [0, 1), and 

x 

.. ],)!> -!- I) ^ 



(2.15) Vp (t) = log(l + x 1 ) - log , I I? J log(l - x 2 ) - log(l + x 2 - 

sinn (a; J 



T/ien 995/g (x) < tmd <po(^) > for all x £ (0, 1). 
Proof. From (|2.15[) one has 

(2.16) M0+)=0, 

(2 - 17) v > ] = "71 iT7T# • V 

rjVl + i sinn (x) 

where 



(2.18) </» p (x) = x- x b - [1 + (3p- 2)x 2 + (1 -p)x 4 }Vl + x 2 smh- 1 (x). 

We divide the proof into two cases. 
Case 1 p = 5/9. Then (|2TT5) leads to 

(2.19) 05/9(0) =0, 

(2.20) <j>' 5/9 (x) ' rf{ ' ] 



9VT+ 



wherc 



(2.21) f(x) = x(49x 2 - 3)a/1 + x 2 + (3 + 7x 2 + 20x 4 ) sinh -1 ^), 

(2.22) /(0)=0. 
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Differentiating (j!T2l) yields 

, nnn . .,, , 2x[74x + 108x 3 + (7 + 40x 2 )Vl + x 2 sinh _1 (a;)] „ 

(2.23) / (x) = > 

yl + x^ 

forxG (0,1). 

Therefore, </>5/g(x) < for all x £ (0, 1) follows easily from (|2.19p and (|2.20p together with 
(12321 and (I23B1 . 

Case 2p = 0. Then (l2"Jgj) yields 

(2.24) = x(l + x 2 ) - (1 - x 2 )Vl + x 2 sinh- 1 (.T) := g(x), 

(2.25) ff (0) = 0. 
Differentiating (|2.24jl we get 



(2.26) 5 '(x) = ^WTT^+^x^sinh-^)] > 

Vl + x 2 

for a; G (0, 1) 

Therefore, (p (x) > for x € (0, 1) easily from ([2TTB1) and (j2"T71) together with (ET2"4> (1236]) . 

□ 

3. Bounds for the Neuman-Sandor Mean 

In this section we will deal with problems of finding sharp bounds for the Neuman-Sandor 
Mean M(a, b) in terms of the geometric combinations of harmonic mean H(a, b) and quadratic 
mean Q(a, b), geometric mean G(a, b) and quadratic mean Q(a, 6), harmonic mean H(a, b) and 
contra-harmonic mean C(et, b), and geometric mean G(a, b) and contra-harmonic mean C(a, b). 

Since H(a, b), G(a, b), M(a, b), Q(a, b) and C(a, b) are symmetric and homogeneous of degree 
1. Without loss of generality, we assume that a > b. For the later use we denote x = 
(a-b)/(a + b) G (0,1) and t = sinh -1 (a:) G (0,T) with t* = log(l + y/2) = 0.881 ••■ . 

Theorem 3.1. TTie double inequality 

(3.1) ff Q (a, 6)g 1 " a (a, b) < M(a, b) < H fj (a, 6)g 1 "' 3 (a, b) 

holds true for all a, b > wt/i a ^ b if and only if a > 2/9 and ft < 0. 

Proof. First we take the logarithm of each member of (|3.ip and next rearrange terms to obtain 
r » 2 s log[Q(q,b)]-log[M( ffl ,b)] 
1 J P log[Q(o,6)]-Iog[ir(o,6)] 

Note that 

x %j) 2 g_M) _ ./TT^a 

[ ' A{a,b) sinh- 1 ^)' A(a,b) ' A(a,b) V + ' 

Use of p.3p followed by a substitution x = sinh(i)(0 < t < t*), inequality (|3.2[) becomes 

(3.4) /3 < /(f) < a, 

where 

= log[cosh(t)] - logjsjnhftVt] = h(t) 
[ '' J[> log[cosh(;)]-log[l-sinh 2 (£)] ' f 2 {t)' 

In order to use Lemma 2.1, we consider the following 

/((f) _ [3-cosh(2t)][sinh(2t)-2t] = 
/ 2 (t) 2isinh 2 (t)[5 + cosh(2i)] ' U ' 

where </>(i) is defined as in Lemma 2.3. 

It follows from Lemmas 2.1 and 2.3 together with (|3.6p that 

AJ /2(f) /a(t)-/ 2 (0) 
is strictly decreasing on (0,i*). This in turn implies that 

(3.7) lim /(*) = §, lim/(f) = 0. 

Making use of (13. 7[) and the monotonicity of 4>(t) we conclude that in order for the double 
inequality (|3.ip to be valid it is necessary and sufficient that a > 2/9 and ft < 0. □ 
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Theorem 3.2. The two-sided inequality 

(3.8) G a (a, b)Q 1 - a (a, b) < M(a, b) < G p (a, &)Q 1_/5 (a, 6) 

holds true for all a, b > with a ^ b if and only if a > 1/3 and /3 < 0. 

Proof. We will follows lines introduced in the proof of Theorem 3.1. We take the logarithm of 
each member of (|3.8[) and next rearrange terms to get 

( ~ q) log[Q( a ,b)]-log[M( ffl ,&)] 
1 J P log[Q(a,6)]-log[G(a,6)] 



Use of p~3| and G(a, b)/A(a, b) = \/l - x 2 followed by a substitution x = sinh(t)(0 < t < t*), 
inequality (|3.9p is equivalent to 

(3.10) < g(t) < a, 

where 

1 = log[cosh(f)] - log[sinh(t)/t] _ = 

log[cosh(t)] -log[l -sinh 2 (t)]/2 ' sa(t)' 

Equation p. lip leads to 

oo 

rf(t) j3-cosh(2 i )][sinh(2t)-2 i ] _ E [^(2» + 4- 2»»)/(2 n+ l)q^ 



8<sinh 2 (t) 



£ [2 2 ™+ 2 /(2n)!]t 2 ™+ 1 



n=l 



(3.12) 



£ [2 2 ™+ 4 (n + 3 - 2 2 " +1 )/(2n + 3)!]i 2n £ a' n t 2n 

n=0 n=0 

oo ' oo ' 

£ [ 2 2n+4/( 2n + 2)!]i 2 « £ &^ 2 ™ 

<+i < _ 3 + (6n + 7)2 2 "+ 1 
1 • > b' n+1 b' n (2n + 3)(2n + 5) 

for all n G {0,1,2, - ••}. 

It follows from Lemmas 2.1(1) and (|3. 121) together with p. 131) that g'i(t)/g 2 {t) is strictly 
decreasing on (0, t*). 

From Lemma 2.1 and p. Ill) together with gi{§ + ) = 52(0) = and the monotonicity of 
g[(t)/g' 2 (t) we clearly see that g(t) is strictly decreasing on (0, t*). 

Therefore, Theorem 3.2 follows from the monotonicity of g(t) and p.lOp together with the 
fact that 

Iimo(t) = -, \img{t)=Q. 

t^o+ 3 t->t* 

□ 

Theorem 3.3. TTie following simultaneous inequality 

(3.14) H Q (a, 6)C ,1 " Q (a, 6) < M(o, 6) < H fj {a, b)C l -^(a, b) 

holds true for all a, b > im'f/i a 7^ b if and only if a> 5/12 and j3 < 0. 

Proof. We take the logarithm of each member of p.!4p and next rearrange terms to get 

a , \og[C(a,b)}-\og[M(a,b)} 
{ J P< log[C(a,6)]-Iog[ff(o,6)] <a ' 

Use of p3|) and C(a,b)/A(a,b) = 1 + x 2 followed by a substitution x = sinh(i)(0 < t < t*), 
inequality p,15p becomes 

(3.16) < h{t) < a, 

where 

log[cosh(i)] -log[sinh(t)/t]/2 hi(t) 



(3.17) h(t) 



log[cosh(i)] - log[l - sinh 2 (t)]/2 ' h 2 (t) ' 
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Equation (13. 17)) gives 

hi (t) [3 - cosh(2i)] [sinh(2i) + t cosh(2t) - 3t] 



(3.18) 



h' 2 (t) 16tsinh 2 (t) 

oo oo 

£ [2 2,l+3 ((3 - 2 2n )(2n + 3) + 3 - 2 2 "+ 2 ) /(2n + 3)!] t 2n £ c ' n t 2n 



J2 [2 2n+5 /(2n + 2)\}t 2n Yl d'J 2r ' 

n=0 n=0 



,•-> m, ' _ _i_ = _•-» x - - (6n + 7)2 2 " 

1 ; < +1 < 2(2n + 3)(2n + 5) (2n + 3)(2n + 5) 

for aline {0,1,2,- ••}. 

It follows from Lemmas 2.2(1) and (|3"4gf together with ([3~T5]) that h[(t)/h' 2 (t) is strictly 
decreasing on (0,t*). 

From Lemma 2.1 and (|3.17l) together with hi(0 + ) = /12(C)) = and the monotonicity of 
h'i(t) / h' 2 (t) we clearly see that h(t) is strictly decreasing on (0,t*). 

Therefore, Theorem 3.3 follows from the monotonicity of h(t) and (|3.16|) together with the 
fact that 

to* h ® = TZ, limMt)=0. 

t->0+ 12 i-vt* 



□ 



Theorem 3.4. The following inequality 

(3.20) G a (a, 6)C^ Q (a, b) < M(a, b) < G (a, b)C l - p {a, b) 

is valid for all a, b > with a 7^ b if and only if a > 5/9 and /3 < 0. 



Proo/. Making use of (|373j) and C(a, b)/A(a, b) = l+x 2 together with G(a, b)/A(a, b) = y/l - x 2 
we get 

log[C(a, 6)] - log[M(a, 6)] _ log(l + x 2 ) - \og[x/ sinlT 1 ^)] 



log[C(o, b)] - log[G(o, b)] log(l +x 2 ) -logVl - ^ 2 
Elaborated computations lead to 
^3 22 ^ Um log(l + x 2 ) - logfc/sinlT^a:)] = 5 

x^0+ log(l + X 2 ) - log Vl ^ X 2 9' 

(3.23) lim Ml + ^-logtx/rinh- 1 ^)] = Q 

x-*i- log(l + x 2 ) — log VI — x 2 

Taking the logarithm of (13.201) . we consider the difference between the convex combination 
of log G(a, b), log C(a, b) and log M(a, b) as follows 

p log G(a, b) + (l-p) log C(a, b) - log M(a, b) 

(3.24) =plog ^\-x 2 + (1 - p) log(l + x 2 ) - log , * . = v P (a:), 

sinn (x) 

where y p (a;) is defined as in Lemma 2.4. 

Therefore, G 5 ^ 9 (a,b)C 4 / 9 (a,b) < M(a,b) < C(a,b) for all a, 6 > with a^b follows from 
(13.241) and Lemma 2.4. This in conjunction with the following statements gives the asserted 
result. 

• If a < 5/9, then equations Q3.2ip and (|3.22[) lead to the conclusion that there exists < Si < 1 
such that M(a,b) < G a {a,b)C 1 - a {a,b) for all a, b > with (a-b)/(a + b) e (OA). 

• If f3 > 0, then equations (|3.2ip and (|3.23|) imply that there exists < 8 2 < 1 such that 
M(a,b) > G^{a,b)C 1 -^{a,b) for all a, & > with (a-6)/(a + &) G (1-5 2 ,1). 

□ 
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